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ABSTRACT 

By undertaking additional analyses postponed in a previous paper, we complete 
our construction of a manifestly supersymmetric gauge-covariant regularization of 
supersymmetric chiral gauge theories. We present the following: An evaluation of 
the covariant gauge anomaly; a proof of the integrability of the covariant gauge 
current in anomaly-free calculation of a one-loop superconformal anomaly 

in the gauge supermultiplet sector. On the last point, we find that the ghost- 
anti-ghost supermultiplet and the Nakanishi-Lautrup supermultiplet give rise to 
BRST exact contributions which, due to "tree-level" Slavnov- Taylor identities in 
our regularization scheme, can safely be neglected, at least at the one-loop level. 
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1. Introduction 



In a recent paper [1], we proposed a manifestly supersymmetric gauge-covariant 
regularization of supersymmetric chiral gauge theories. In the sense of the back- 
ground field method, it was shown that our scheme provides a supersymmetric 
gauge invariant regularization of the effective action above one-loop order. On the 
other hand, our scheme gives a gauge covariant definition of one-loop diagrams, 
and, when the representation of the chiral supcrmultiplet is free from the gauge 
anomaly, the definition restores the gauge invariance. Our scheme also defines com- 
posite operators in a supersymmetric gauge-covariant manner. However, several 
important issues concerning properties of our scheme were postponed in Ref. [1]. 
In the present paper, to complete the construction, we present detailed analyses 
on those issues. 

We first recapitulate the essence of our regularization scheme.^ We consider a 
general renormalizable supersymmetric model: 

S = J (fz iiW'^Wa + j d^z^^e^^ + j d^z Q*^m* + ^9^^^ + h.c. 

(1.1) 

To apply the notion of the superfield background field method [3], we split the 
gauge superfield and the chiral superfield as [1] 

e'^ = e'^«e^«, $ = $b + $q. (1.2) 

Furthermore, to make the supersymmetry and the background gauge invariance 
(in the unregularized level) manifest, we adapt the following gauge fixing term and 



^ For conciseness, we do not repeat the explanation of our notation and conventions given in 
Ref. [1]; these basically follow the conventions of Ref. [2]. 



2 



the ghost-anti-ghost term 



S' 



(fz tr(D Vq)(PVq) 



%T{R) 



X C 



Vq/2 



(c + e-^^c^e^^) + coth(£y^/2) • (c - e-^^c^e^^)] 



T{R) 



j (fz Ue-^^h^e^^h, 



(1.3) 

where the normahzation of the Nielsen-Kallosh (NK) ghost h has been changed 
from Ref. [1]. 

In calculating radiative corrections to the effective action in the background 
field method, i.e., the generating functional of IPI Green's functions with all the 
external lines forming the background field, Vb or $5, we expand the total ac- 
tion St = S -\- S' in. powers of the quantum field, St — Sto + Sti + St2 + Sts H — •■ 
(Hereafter, a number appearing in the subscript indicates the power of the quan- 
tum fields.) The quadratic action is further decomposed as St2 — S^2^^ + S^^^ + 

cchiral i cmix 
Orp2 ' ^r2 • 

The first part, which is composed purely of the gauge superfields, is given by 



Qgauge 



/ 



ah 



Q 



-V-V^ + - IWsaD'' + ^(1 - OiV^D^ + d\^) 



ah 



Q- 



;i-4) 



The ghost-anti-ghost action, to second order in the quantum fields, is given by 



;host 
T2 



<fz 



;i.5) 



There are two kinds of action which contain the chiral multiplet. One is the part 
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that survives even for $5 = 0, 

^-^hiral ^ j ^8^ $t^e^^$Q + j (fz ^$5m$Q + h.c, (1.6) 
and the other is the part that disappears for $s = 0, 



+ / d^2;c/$i3$^ + h.c 



1.7) 

Q 



Our regularization is then implemented as follows: We take propagators of the 
quantum fields that are given by formally diagonalizing 8^2^^ + S^^^ + S^2^^^* 
Then, for a finite ultraviolet cutoff A, we modify the propagators so as to im- 
prove the ultraviolet behavior and simultaneously preserve the background gauge 
covariance. For example, for the quantum gauge superfield, we use^ 

f ([-V-V^ + - w'BaDV2 + (1 - Oi^'D^ + :d'v2)/16] / (^A^)) 



ab 

1 



-V"^V^ + - + (1 - 0(V2d' +:d'v2)/16. 

X 5{z - z'), 
(1.8) 

and, for the ghost superfields, 

T*c''{z)c'^\z')) = (T*c"'iz)c^\z')) = -2^ (T%''{z)b^\z') 



= I 



r2~9 .9x— 2 l_ 



/(-£> VVl6A2)L>^^-^V2e-^^ 



ab (1.9) 

S{z-z'), 



■k There is no deep reason for doing this. It merely simplifies the expressions, because we do 

not include S^2^ in diagonalizing the quadratic action, 
t Hereafter, the brackets (• • •) represent an expectation value in the unconventional pertur- 

bative picture in which S^''^^'' + 5f,2°'* + S^""^ is regarded as the "un-perturbative part" . 
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and, for the quantum chiral superfield, 



E -i,/(-:DVvi6A2):D' 



1 



(1.10) 



2 

V'^D /16 — mtm 



and 



1 



z-z'). (1.11) 



2 

V'^D /16 — mtm 



In these expressions, f{t) is the regularization factor, which decreases sufficiently 
rapidly, /(oo) = f'{oo) = f"{oo) = ■ ■ ■ = in the ultraviolet, and /(O) = 1, 
to reproduce the original propagators in the infinite cutoff limit A — * oo. The 
argument of the regularization factor has the same form as the denominator of each 
propagator; this prescription is suggested by the proper-time cutoff [1] . In this way, 
the propagators obey the same transformation law as the original ones under the 
background gauge transformation on the background gauge superfield Vg. This 
property is crucial for the gauge covariance of the scheme. 

Using the above propagators of the quantum fields, IPI Green's functions are 
evaluated as follows. There are two kinds of contributions, because we have di- 
agonafized S^""^^" + S^^""^ + S^^^^^ in constructing the propagators. (I) Most of 
radiative corrections are evaluated (as usual) by simply connecting quantum fields 
in -Syg^, St3, Sta, etc., by the modified propagators. This defines the first part of 
the effective action, /ifVe, which is given by the IPI part of 



(II) However, since the quadratic action S^2^^ + Sj,2^^ + S^2^^^ depends on the 
background gauge superfield Vg (but not on ^b) non-trivially, the one- loop Gaus- 
sian determinant arising from this action has to be taken into account. To define 



(exp [St - (^2"^° + ^2°'' + S^'""^)] }) 



(1.12) 
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this part of the effective action, /ii[Vb], we adopt the following prescription: 
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{S^f^' + 4^2°'' + S^f^^). (1.13) 



The quantum fields in J"'{z) are connected by the modified propagators. Note 
that since J"(z) is quadratic in the quantum fields by definition, (1.13) consists 
of only one-loop diagrams. The total effective action is then given by the sum 
r[VB,^B] = ri[VB,^B] + ru[VB]. Although naively the relation (1.13) is just 
one of many equivalent ways to define the one-loop effective action, it has a great 
advantage at the regularized level; the prescription (1.13) respects the gauge covari- 
ance of the gauge current [1]. Our prescription (1.13) is a natural supersymmetric 
generahzation of the covariant regularization of Refs. [4] and [5]. (Ill) When a 
certain composite operator 0{z) is inserted into a Green's function, it is computed 
as usual (by using the modified propagators): 



Following the above prescription, it was shown [1] that the first part of the 
effective action /i[Vb,$b] (which contains all the higher loop diagrams!) is al- 
ways supersymmetric and background gauge invariant. It was also shown that a 
composite operator which behaves classically as a gauge covariant superfield, such 
as the gauge current superfield {J°'{z)) in (1.13), is regularized as a (background) 
gauge covariant superfield. This implies, in particular, that if there exists a func- 
tional -rii[VB] in (1.13) that reproduces the gauge current superfield {J^{z)) as the 
variation, it is also supersymmetric and gauge invariant (because Vg is a super- 
field). One might expect that such a functional, an "effective action," always exists. 
However, this is not the case in our scheme. In fact, if the whole effective action 
were always gauge invariant, there would be no possibility of the gauge anomaly 
that may arise from chiral multiplet's loop. 



(0{z) exp [i [St - (4r' + Sfr" + S't^')] ]) 



(1.14) 
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Actually, it is easy to sec that the anomaly cancellation is the necessary con- 
dition for the existence of ililVg] in (1.13). As should be the case, our scheme 
provides gauge invariant regularization only for anomaly-free cases. In the analy- 
sis of Ref . [1] , however, it was not clear if the anomaly cancellation is also sufficient 
for the existence of /iifVe]- In § 2, we establish the existence of /iifVe] in anomaly- 
free cases. Therefore, our scheme actually provides for anomaly-free cases a gauge 
invariant regularization of the effective action. 

The prescription (1.14), on the other hand, is especially useful when one wishes 
to evaluate the quantum anomaly while preserving the supersymmetry and the 
gauge covariance (or invariance). As was announced in Ref. [1], we apply it to 
the superconformal anomaly in the gauge supermultiplet sector and present the 
detailed one-loop calculation in § 4. In this calculation, the gauge-fixing term and 
the ghost-anti-ghost sector cause another comphcation. To treat this complica- 
tion systematically, in § 3, we introduce the notion of BRST symmetry and the 
corresponding Slavnov- Taylor identity in our scheme. 

2. Integrability of the covariant gauge current 

As was noted in the Introduction, the most important issue that was left un- 
investigated in Ref. [1] is whether the second part of the effective action -TufVe] 
in (1.13) exists; we call this a problem of the integrabihty of the gauge current. The 
gauge anomaly cancellation tr T'*{T''', T^} = is the necessary condition for the in- 
tegrabihty [1] because the covariantly regularized gauge current {J°'{z)) gives rise to 
the covariant anomaly (we shall explicitly show this below), but, on the other hand, 
( J"(^)) should produce a consistent anomaly [6-13] if such a functional ili[VB] ex- 
ists. These two requirements are consistent only if the gauge anomaly vanishes. 
In this section, we shall establish the converse: When tr T"{T^,T'^} = 0, 
which satisfies (1-13) always exists in A — cxd. Namely, the anomaly cancella- 
tion is also a sufficient condition for the integrability. Therefore, when the gauge 
representation is anomaly-free, our prescription (1.13) provides a gauge invariant 
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regularization of the effective action. We shall give two proofs from quite differ- 
ent viewpoints. However, before going into the proof, let us show how the gauge 
anomaly is evaluated in our scheme. 



2.1. COVARIANT GAUGE ANOMALY 



In this subsection, we present a calculation of the covariant gauge anomaly 



which reads 

-\D'c-'{j\z))''^'^--^trT-W§WBa, 
where the combination C""^ has been defined by 



(2.1) 



C 



ab 



^(-">^ 

2 V 2 



(2.2) 



The gauge covariance of the right-hand side of (2.1) is in accord with our gauge 
covariant definition of the gauge current [1]. To see how the left-hand side of (2.1) 
is related to the "gauge anomaly," i.e., the non-invariance of the effective ac- 
tion -TiiIVb] under the background gauge transformation,^ we introduce the gener- 
ator of the background transformation: 



1^2. 

4^ 



(2.3) 



In fact, it is easy to see that a variation of an arbitrary functional F[Vb] of Vb 
under the background transformation (see (2.6) of Ref. [1]) 



5Vb = iCv^i2 ■ [(A + A^) + coth(£y^/2) • (A - At) 
can be written as 



5F[Vb\ = J d^ziA''{z)G''{z)F[VB] + h.c. 



(2.4) 



(2.5) 



Therefore, assuming the identification in (1.13), the gauge variation may be written 



-k This result itself is not new [14]; we present the calculation in our scheme for later use. 
t Recall that the first part of the effective action A[Vb, $b] is always gauge invariant in our 
scheme. 
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SruiVB]^ J d'^ziA''{z)G%z)rii[VB] + h.c. 

= J d^ziA^iz) (^—^ d'^C^ + h.c. 

This is the reason we regard (2.1) as the gauge anomaly. 

Now, from the definition of the gauge current in (1.13), we have 



(2.6) 



j d^ziA%z) (^-^^ D^C''^l^j\z) 
- j d^'z (iA^{z)G"'{z){Sf^^'' + Sf^'^ + Sf^'''^] 



(2.7) 



However, S^2^^, S^2^^ and 5*^2''^^^ are unchanged if we make the background gauge 
transformation (2.4) and simultaneously 



= -lA^'iry^V^, 5^Q = -iA«r«$Q, (2.8) 

because Sj!'2^^, S^^^ and S^'^^^ are background gauge invariant. Therefore, the 
right-hand side of (2.7) is equal to the opposite of the variation of S^^^, Sj^^^ 
and S^^'""^ under (2.8). This yields (in the super- Fermi- Feynman gauge C — ^) 



+ i J d^zA''{z){T''f'' 



j d^z (^iA^{z)G^{z){S^f^' + 4^2°'' + S'^'^^) 

= -2i j d^zA%z){T-f^ [v'q [-V^Vm + \yV%Va - ^Ws«:D«y Vq^(z) 
+ 1 j d^zA''{z){^y'^''T''^Q{z)^+i j d^z A^z) (^^lmT''^Q{z)y 

(2.9) 

where we have used the explicit form of the action given by (1.4)-(1.6). In the above 
expression, use of the modified propagators (1.8)-(1.11) is assumed according to 
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our prescription (1.13). Then the kinetic operators in 8^2'^°, S^^^^ and S^^^ 
cancel the denominators of the propagators. As a result, from (2.7), we have 



= '-D^ Inn {rV ((-V^Vrn + WgVa/2 - WBaD^ /2)/A') } 5{z - z') 

+ 3 4 lim \r''f{-D'^V'^/lQX^)\'^D'^6{z - z') 
4 »z L J 

- ^ lim trr«/(-DVVl6A2):D^5(^ - z'). 

(2.10) 

The evaluation of this expression is straightforward. First of all, the first term on 
the right-hand side vanishes as A — > 00 because the number of spinor derivatives 
is not sufficient; the gauge multiplet does not contribute. Next, in the second 
(the ghost-anti-ghost multiplet) and the third (the chiral multiplet) terms, we 
can repeat the calculation in the Appendix of Ref. [1]. In this way, wc finally 
obtain (2.1). Note that the ghost-anti-ghost multiplet does not contribute, because 
i^r^iT^.T") = 0. 

2.2. Integrability of the gauge current: the first proof 

We prove that the second part of the effective action in (1-13) always 

exists when the representation of the chiral multiplet is free of the gauge anomaly. 
Our first proof is a natural supersymmetric generalization of the procedure in 
Ref. [5], which starts with the answer 

1 

riirn = j dg j v§iz) {r{z))g . (2.11) 


In this expression, the subscript g implies the expectation value is evaluated with 
the "coupling constant" introduced by taking ^ g^Vg in our definition of the 
covariant gauge current (1.13). We show below that, when tr T''*{T'', T'^} = 0, this 
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functional reproduces the gauge current in the hmit A — oo, 

5rii[VB\ 



5V-{z) 



{r{z)) . 



(2.12) 



Note that, since the composite operator {J°'{z))g in (2.11) docs depend on the 
background gauge field Vb, the relation (2.12) is by no means trivial. 

We now proceed with the proof. We first directly take the functional derivative 
of r„[T/B] (2.11): 



5V§{z) 



1 

inz)) - J 



1 

JdgJ d^z'V^l 



d 







dV-iz) 



(2.13) 

In going from the first line to the second line, we performed an integration by 
parts. Then we note {J°'{z))g depends on g only through the combination gVB- 
Therefore 

Substituting (2.14) into (2.13), we have 



(2.14) 



5ru[Vi 



B 



6Vg{z) 



1 

{riz))+ JdgJ dh'V^iz') 



SV^iz) 



6V^{z') 



(2.15) 



The relation (2.12) follows if the quantity in the square brackets (the functional 
rotation) vanishes. To consider this quantity, we note the identity 



Hnz)) ^ _ 

4 SV^{z') 5V^{z') V 4 



-(-- DC<^^J%z)) + -D 



1^2 SC 



4 5V^{z') 



77 {J'i^)) 



(2.16) 

Note that the first term on the right-hand side is nothing but the gauge anomaly (2.1). 
On the other hand, it is not difficult to see that the gauge covariance of our gauge 
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current [1], 

dVl^{z) 

where Vq — Vb + SVb and SVb is given by (2.4), implies 



(2.17) 



(2.18) 



as a coefficient of tlie cliiral gauge parameter A. Tlierefore, from (2.18), (2.16) 
and (2.1), we find 



1—2 

-DC"'' 
4 



6{j'^{z')) 5{J%z)) 
SV^iz) 5V^{z') 



A—>oo 



r ^tr T^W^WBa 

0, if trT^lT^T'^} = 0. 



(2.19) 



Similarly, by repeating the above procedure for the anti-chiral part A^, we have 



^D^C"'{Vb ^ -Vb) 



5{j\z')) 5{J%z)) 



A— »-oo 



0, 



(2.20) 



if tr^«{^^^^} = O. To see the functional rotation in the square brackets itself 
vanishes in (2.19) and (2.20), we expand the functional rotation in powers of Vb, 
as Co + ciVb + C2VI + • • •. Then (2.19) and (2.20) require Z^^cq = D'^cq = 0, as 
the 0{V^) term (note that = 5'^^ + 0(Vb)) and thus {n+iDa"'Ddrn/2)co = 0. 
Assuming the boundary condition that the functional rotation vanishes as x — x' 
00, we have cq = 0. This procedure can clearly be repeated for ci, C2, etc., and 
we finally conclude that cq = ci = ■ ■ ■ = 0; that is, the functional rotation itself 
vanishes. Therefore, from (2.15), we have (2.12). 

Let us summarize what we have shown. The variation of the functional (2.11) 
reproduces the covariant gauge current as (2.12) if the "gauge anomaly," the 



★ Otherwise, the integral in (2.15), and thus (2.11), would be ill-defined. 
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left-hand side of (2.1), vanishes. In the A ^ oo Umit, the "gauge anomaly" is 
given by the right-hand side of (2.1) which vanishes when the anomaly cancel- 
lation condition, tr T"{T^\T"} = 0, holds. Therefore, if tr T"{T^T=} = 0, the 
effective action (2.11) satisfies (2.12) in the A ^ oo limit. Put differently, even 
if tr T''*{T'^, T"^} = 0, when the cutoff A is finite, there may exist pieces in the 
covariantly regularized gauge current {J°'{z)) which cannot be expressed as a vari- 
ation of some functional. However, those non-integrable pieces disappear in the 
limit A ^ oo in the same sense that the gauge anomaly is given by the right-hand 
side of (2.1) in this same limit. 

2.3. Integrability of the gauge current: the second proof 

In this subsection, we give another proof of the integrability. This proof, al- 
though being somewhat less rigorous and not applicable to the general form of the 
regularization factor f{t), demonstrates an interesting relation between our pre- 
scription (1.13) and the generafized Pauli-Villars regularization [15-20]. We show 
below that, when the gauge anomaly vanishes, (1.13) can basically be realized by 
the generalized Pauli-Villars regularization. Since the Pauli-Villars regularization 
is implemented at the level of Feynman diagrams for which the Bose symmetry 
among gauge vertices is manifest, the corresponding effective action always exists; 
namely, the integrability is obvious. Since the gauge multiplet and the ghost-anti- 
ghost multiplet belong to the adjoint (i.e., real) representation, one may always 
apply the conventional Pauli-Villars prescription to those sectors; there is no sub- 
tlety associated with the gauge anomaly. Therefore, we shall present only analysis 
on the chiral multiplet. 

To relate our prescription with the generalized Pauli-Villars regularization for 
the complex gauge representation, we introduce the "doubled" representation fol- 
lowing Ref. [20] (see also Ref. [19]): 

/rpa 
\ -T"^ 



Ub = R'^Vi, 



(2.21) 
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where T°' is the original (complex) gauge representation. Then, with this notation, 
our regularized gauge current (1-13) for the chiral multiplet is expressed as 

(2.22) 

Throughout this subsection, all the covariant derivatives are understood as the 

"doubled", Vq, = e'^'^Dae^''. In (2.22), a''' is the Pauli matrix in the doubled 
space, and we have inserted the projection operator (1 + o"^)/2 to extract the 
original representation from the doubled representation. Since a^R^ = R'-^a^, 
the position of the projection operator does not matter. 

We shall show that if tr = and trT'^fT^ T"} = 0, there exists a Lagrangian 
of Pauli- Villars regulators which basically reproduces our prescription (2.22). To 
write down this Lagrangian, we introduce a set of infinite regulators [15] (pj (j = 0, 
1, 2, ■ ■ ■). We assume (l)j with j even is a Grassman-even chiral superfield and that 
with j odd is a Grassman-odd chiral superfield. Then the action is given by 



Spy = Q "^^^ '^Je^^^j- + J Sz ^Mj<f)Ja^<j)j + h.c.^ 



J=0,2,4 



(2.23) 



where Mq is the original mass, Mq — m, and the mass of regulators is assumed to 
be of the order of the cutoff, Mj — njA for j ^ 0. Note that the use of the Pauh 
matrices and ia^ makes possible the existence of mass that are consistent with 
the statistics of the fields. Noting the relations 

a^R'' = -i?«^(7\ ia'^R" = -R'^^ia'^, (2.24) 

it is easy to verify that (2.23) is invariant under the background gauge transfor- 
mation. Therefore, the generalized Pauli- Villars regularization cannot apply to the 
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evaluation of the gauge anomaly, and it is workable only for anomaly-free cases. 
The regularization proceeds as follows [15]: The zeroth field 0o is introduced so as 
to simulate the one-loop contribution of the original field $q. Therefore, the gauge 
representation i?" must be projected on the original representation by insert- 
ing (l-\-a^) /2 into a certain point of the loop diagram. The position and the number 
of the insertion do not matter, because the free propagator (t* (I)q{z)(I)q{z')^ ^ and 
the gauge generator R"" commute with a^. On the other hand, contributions of 
regulators 0j are simply summed over without the projection* 

It is quite convenient to re-express the above prescription in terms of the gauge 
current operator [18-20]. According to the above prescription, the gauge current 
of the zeroth field 0o is defined by 



. A ^ , i±£!,-.. v^.(. - .'), (2.25) 



where we have used the formal form of the propagator of 0o in the background 
gauge field. The gauge current of the regulators is similarly given by 

where the statistics of each field have been taken into account. The sum of (2.25) 
and (2.26) gives the gauge current operator in the generalized Pauli-Villars regu- 
larization: 

J=0,l,2,- 

' lini tr le-^- J^/(-dVV16A2)^'--^:^^ -VH{z - z') 



16 r-^l' " 2" dV^{zy ^ ' ' ^"^^ ' v2:d'/16 - m2 

+ A tr-e-^-,^^:D' ^ VH{z - z'). 

16.^.' 2 dV-{z) v2:D'/16-m2 ^ ' 

(2.27) 



* Of course, for the gauge invariance, the momentum assignment for all the fields must be 
taken the same. 
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In the above expression, we have introduced the function 



f(t) = 1 + 2^'-—^ (2.28) 

by omitting an irrelevant term for m <^ A. The function f{t) can be regarded as a 
regularization factor; in fact, one can make f{t) sufficiently rapidly decreasing by 
choosing a suitable sequence of regulator masses. For example, when rij — j [15], 
we have 

m - -^r^- (2-29) 

By comparing (2.27) with (2.22), we realize the following correspondence: The 
first part of (2.27) is identical to the 1/2 projected part of (2.22), although the 
regularization factor f{t) is limited to the form of (2.28). On the other hand, 
the second part of (2.27), the so-called "parity-odd" term, has no regularization 
factor. Therefore the second part of (2.27) is UV divergent and ill-defined in 
general. However, it is known in non-supersymmetric cases [15-20] that when 
trr« = trT"{T^ T"} = 0, coefficients of these divergent pieces in the "parity-odd" 
term vanish. To see this is also the case in (2.27), we first note that e'^^de^^ /dVg 
is Lie algebra-valued (i.e., it is proportional to R^). Then it is easy to see that, 
by examining the expansion in powers of Vg, the quadratic, linear and logarithmic 
divergences are proportional to tro""^/?" = 2trT'^, ti a'^R°'R^ = 0, ti a'^ R'^ R^ R'^ = 
|-j,2^a|2^6 j^cj^ respectively Therefore, if trT" = trr'*{r^r'=} = 0, the second 
part of (2.27) is also finite under the prescription [15-20] that the trace over the 
gauge indices is taken prior to the momentum integration. 

Allow us to summarize the above results: The 1/2 part of our prescription (2.22) 
is basically equivalent to the 1/2 part of the generalized Pauli-Villars regulariza- 
tion, (2.27). The cr^/2 part of (2.22) in general does not correspond to the part 
of (2.27). However, if trT" = tr T"{T^T'^} = 0, the part of (2.27) (and thus 
also the a^/2 part of (2.22)) is finite. Therefore, we may take the A ^ oo limit in 
the 0-3/2 part of (2.22) which, since /(O) = 1, reduces to (2.27). This shows that. 



16 



if the gauge anomaly vanishes (and if trT" = 0), our prescription (1.13) in the 
A — > oo limit is basically equivalent to the generalized Pauli-Villars regularization. 
This proves the integrability. This conclusion is consistent with the result of the 
previous subsection that the integrability is ensured only for the A — > oo limit, 
even with tr T''{^^ T'^} = 0. 

3. BRST symmetry and the Slavnov- Taylor identity 

It is possible to introduce the notion of BRST symmetry in the superfield 
background field method. Since the ^'-matrix in the background field method 
is given by tree diagrams made from the effective action [21,22], which has Vg 
and $B as the argument, the relevance of the BRST symmetry for the unitarity of 
physical (S-matrix is not necessarily clear in the present context.^ However, we see 
in the next section that the notion is in fact quite useful in systematically treating 
the gauge fixing part and the ghost-anti-ghost sector. In this section, with this 
application in mind, we present the method for (at least partially) incorporating 
the BRST symmetry in our scheme. 

Unfortunately, the BRST symmetry is not manifest in our scheme, and it 
appears that the BRST symmetry or the associated Slavnov-Taylor (ST) identity 
has to be verified order by order. In the second half of this section, we show 

that there exists a natural extension of our prescription of § 1 which ensures ST 
identities at least at the tree level, under the classical equation of motion of the 

★ One might wonder why the condition trT" = 0, which did not appear in the previous 
subsection, is required here. The reason is that the finiteness of the "parity-odd" part is 
a stronger condition than the integrability. In fact, the VB-independent piece of {J°'{z)) in 
our scheme acquires a quadratic divergence, /„°°(it/(t)trT"AV(167r2) [1]. This does not 
spoil the integrabihty as this can be expressed as a variation of the Fayet-Ihopoulos _D-term. 
However, this tadpole diagram is not regularized by the Pauli-Villars prescription in this 
subsection. This is the reason that trT'* = is required in the generalized Pauli-Villars 
regularization. 

f On the other hand, the renormalizability of the effective action in the background field 
method is automatic in our scheme, because it is restricted by the background gauge in- 
variance, instead of the BRST symmetry. 
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background field. This is sufficient for the apphcation in the next section, where 
the superconformal anomaly in the gauge sector is evaluated to one-loop accuracy. 

For later use, we summarize here the explicit form of the first three terms in 
the expansion of the classical action of the gauge sector, 

= / trW^Wa, (3.1) 

in powers of the quantum field Vq: 

Sr^' = / tr VgV-WBa = / dh {VQV-WBar, (3.3) 

and 

^gauge ^ I ^8^ ya (^^V^D^Va + ^ Va) V^. (3.4) 
3.1. BRST TRANSFORMATION 

To make the BRST symmetry in the unregularized theory manifest, we adapt 
the following ghost-gauge fixing action: 

S' = ^<^BRST^ J tr(e-^-c'te^- + c')Vq 

T{R)J ^ T{R)J 

where we have introduced the Nakanishi-Lautrup (NL) superfield B, which is a 
Grassman-even chiral superfield, DaB — 0. The BRST transformation of the 
gauge superfield is defined as usual by replacing the gauge parameter A of the 
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infinitesimal quantum field transformation by the ghost superfield, A — > c (see (2.5) 
of [1]): 



^brstVb = 0, 5BRSTe^« = i(e^«c - e-^^c^e^^e^^), 

^brstVq = %Ly^i2 ■ [(c + e-^-cte^-) + coth(£v'g/2) ■ (c - e-^^cte^-)] , (3.6) 

^BRST*B = -«C$B, ^BRST^Q = -^C$Q. 



Note that (5brst is Grassman-odd in our convention. Then the nilpotency of the 
BRST transformation determines the transformation of the Faddeev-Popov (FP) 
ghost superfield: 

(^BRSTC = -ice, (^BRSTC''' = -%c!' . (3.7) 

The BRST transformation of the anti-ghost is defined to be the NL superfield: 

(^BRSTC' = -i-B, (^BRSTC'^ = -i-B^, 

(3.8) 

(^BRST-B = 0, (^BRST-B^ = 0. 

We regard other fields, the gauge averaging function / and the NK ghost 6, as 
BRST scalars, i.e., ^brst/ = 5brst& = 0. 

The action S' (3.5) is equivalent to the conventional form of the ghost-gauge 
fixing action in the superfield background field method, (1.3). This can easily be 
verified by eliminating the NL field B from (3.5), using the equation of motion 

:dVq = 4/, PVQ = 4e-^^/te^«. (3.9) 

Another equivalent form of S' is obtained by first integrating out / and and 
simultaneously h and 6^ in (3.5). This integration may be performed by shifting 
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the variables as 




-2 1 



)ao 




ab 



(3.10) 



Then the Gaussian integral over / is precisely cancelled by the integral of the NK 
ghost b. After performing these integrations, the ghost-gauge fixing term S' (3.5) 
is effectively replaced by S' —>■ S-pp + 5'nl, where 



If one further integrates over the NL field B, the conventional gauge fixing term, 
— (,^/8) J d^z(D Vq)"(V^Vq)", again results. Interestingly, the kinetic operator 
of B, D /(V^-D )e~^^D^, is the propagator of the NK ghost. The Gaussian inte- 
gration of the bosonic NL field thus simulates the effect of the fermionic NK ghost; 
this should be the case because (3.11) plus (3.12) must be equivalent to (1.3). In 
what follows, we use <S'fp-|-5'nl as the ghost-gauge fixing action because it exhibits 
the manifest BRST symmetry. 



★ As was noted in Ref. [1], the combination in the denominator of these expressions has to 
be interpreted as a representation of 




(3.11) 



and 




(3.12) 



8>VgV„ - 4(P">Vb„), 



^ IQV 



'771 



respectively. 
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3.2. Slavnov- Taylor identity 



As is well-known, the ST identities can be derived as expectation values of a 
BRST exact expression. Our first example, which is relevant to the discussion in 
the next section, is 

{{t*Sbrst[c'%z)B^'{z')])) = 0, (3.13) 

or 

T*B%z)B^\z')^^ ^0. (3.14) 

In these expressions, the double bracket ((■ ■ ■)) implies the would-be "full" expec- 
tation value, in which the BRST symmetry is supposed to be exact. Similarly, we 
have 

{{t*5bbst[c"^{z)V^{z')])) = 0, 

or 



(3.15) 




coth ^ + 1 



2 V 2 



he 



-Vb 



(3.16) 



As mentioned above, the BRST symmetry is not manifest in our regularization 
scheme. Therefore, the vahdity of the above relations must be verified order by 
order. At present, we do not have a general comment on this point. However, at 
least at the tree level and under the classical equation of motion of the background 
field, there exists a natural extension of our prescription which ensures the above 
relations. 

To examine the ST identities, we must first note that the two-point functions 
in (3.14) and (3.16) are not IPI, and thus the tadpole vertex Sf^^^^ (3.3) also con- 
tributes through, say, St^. Without taking into account these tadpole contribu- 
tions, the ST identities do not hold even in the unregularized theory. This is related 
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to the fact that each term in the expansion 5'S^"S° = S'q'^^^'^ + 5'^'^^'^ + 5*1^^^^ + ■ • • 



is not individually invariant under the BRST transformation (3.6). The tadpole 
contributions make a general analysis of the ST identities in our scheme compli- 



Fortunately, for the application in the next section, a great simplification oc- 
curs. We shall use the ST identities to conclude that BRST exact composite 
operators vanish at the one-loop level. These composite operators are defined 
by forming a one-loop diagram by the (modified) two-point functions in (3.14) 
and (3.16). Therefore even if the tadpole vertex 5*1 is attached to the two-point 
functions, we can use the classical equations of motion for Vb and $5, because 
we will work with the one-loop approximation. Moreover, we will assume — 
in the next section. This imphes V^Wbo — under the classical equation of 
motion. Therefore the tadpole contributions arising from Sf^^^^ (3.3) can be ne- 
glected because they are proportional to "D^Wsa. When the tadpole contribution 
can be neglected, the two-point functions in (3.14) and (3.16) at the tree level 
are given by the propagators obtained by diagonalizing 5'!'^^^*' -I- S-pp + S'nl. The 
Schwinger-Dyson equations corresponding to 82^^^^ + Spp + ^nl ai'e given by 



to {T*B''(z)B^^{z')) = at the unregularized level. 

In implementing the regularization, we must specify how to modify the orig- 
inal propagators. As a natural extension of the prescription of § 1, we regard 
the first two relations of (3.17) as the defining relations of (t*B"'(z)Vq{z')^ 

and (T*B^''{z)V^{z')y Namely, on the right-hand side of (3.17), the propaga- 
tor of gauge superfield is given by the modified one (1.8). On the other hand, we 



cated. 
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define {T*B''{z)B^\z')) = even in the regularized theory. 

It is obvious that the prescription (T*B°'{z)B^^{z')) = is consistent with (3.14) 
at the tree level when Sf^^^^ — 0. On the other hand, (3.16) at the tree level reads 
(by suppressing quantum fields Vg), 



T^B-{z)V^{ 



-VBtJ\ 



I 

16 



{z') (t*(^''{z)c^^{z') 



ab 



6{z - z'), 



(3.18) 

where the last expression is the modified ghost propagator (1.9) in an un-abbreviated 
form [1]. At first glance, the left-hand side of (3.18), i.e., (3.17) with (1.8), does not 
seem to be identical to the right-hand side; in particular, the gauge parameter ^ 
must disappear in the expression. To see that they are in fact identical, when 
^gauge _ Q equivalently when T>"}VBa = 0, we first recall the original form of 
the quadratic action of the gauge sector, the first line of (1.4). Then, the first line 
of (3.17) gives 



T*B-{z)V^{z') 



16 



DV^/16-R/^ 



(3.19) 

5{z-z'), 



where the combination R has been defined by 



= i V^^'Va + ^ V^VVfia - ^V^d', when ©"Wsa = {V", Wsa} = 0. 

(3.20) 

Since V^i? = 0, one can eliminate R in the regularization factor f[t) of (3.19), and 
then D can be exchanged with the regularization factor. Then, by noting the 
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identity 



+ V^D^ - 2D^V2d" = leV'^Vm - SW^Va - 4(P">VBa), (3.21) 



we have 



T*B\z)V^{z')^ 

f ([-V^^V^ + WSVa/2 + (I5">Vb„)/4]/a2) 



16 



(3.22) 



D V2/16-i?/C. 



aft 



5(z-z'). 



Hence, by noting the identity (3.8) of Ref. [1], 



2-2 



(3.23) 



we reahze that the last factor in (3.22) can be written as 



1 



D 



2 1 



V"^V^ - WgVa/2 - (P">Vb«)/4 16 " DV/16-i?/e 



^2 



(3.24) 



^ 1 VV16-i?/e 

V^Vm - Va/2 - (P" >VBa)/4 V2 /16 - R/C ' 



By substituting this into (3.22), we see that (3.19) is in fact identical to (3.18). 
Therefore, with the above prescription, the ST identity (3.16) holds to at least 
the tree level under the classical equations of motion, V^WBa — 0. With these 
understandings, we use the ST identities (3.14) at the tree level and (3.18) in the 
next section. 
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4. Superconformal anomaly in the gauge sector 

In the remainder of this paper, we describe a one-loop evaluation of the super- 
conformal anomaly in the gauge multiplet sector. This problem was also postponed 
in Ref. [1]. Although the one- loop result is well known [23-34], our formulation 
allows a direct calculation, relying neither on a supersymmetry-gauge symmetry 
argument nor on the connection to the /9-function. (Our calculation is in spirit 
quite similar to that of Ref. [30].) We also clarify the underlying BRST structure; 
the conventional form of the superconformal anomaly accompanies BRST exact 
pieces that, due to the Slavnov-Taylor identities in the previous section, eventually 
vanish. 

The superconformal anomaly is the spinor divergence of the superconformal 

current, D {Raa{z)). The classical form of the superconformal current is given 
by [35] 

Raa = -T^^tiWae-^Wc^e^. (4.1) 

Basically, what we have to do here is to construct an expansion of this expression 
in powers of Vq to 0{Vq) (the one- loop approximation) and a classification of 
various terms in D {Raa{z)) according to their nature: the explicit breaking of 
superconformal symmetry due to the gauge fixing, vanishing terms under the equa- 
tion of motion (see below) , and the intrinsic quantum anomaly. This approach was 
adopted in Ref. [1] for a computation of the superconformal anomaly arising from 
the chiral matter's loop. However, the structure of the direct expansion of (4.1) is 
complicated, and it seems difficult to directly perform such a classification. There- 
fore, we will adopt a different strategy. 

We start with the observation made by Shizuya [36] that the superconformal 
current (4.1) may be regarded as the Noether current corresponding to a superfield 
variation, 

Ae^ = -Q.'^e^Wa - QaW^e^, (4.2) 
where fi'* is an infinitesimal Grassman-odd parameter. In fact, one can easily 
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verify that 



A^gauge ^ J ^8^ (^Aflc^D''Ra,a + ^Jl^L'^i^ad) , (4.3) 



by using the reahty constraint on Wa- 

To utihze the relation (4.3) in the background field method, we split Ae^ (4.2) 
into variations of Vg and of Vq. This splitting is of course not unique. Therefore, 
we can impose the condition that a variation of Vg depends only on Vb and a 
variation of Vq is 0{Vq). By writing A = A^ + Ag, this condition uniquely 
specifies* 



Ase^- = -n^e^'^WBa, ^bVq = 0, 

AqVb = 0, Age^^ ^ o« \-e^'^{Wa - WBa) + [WBa, e^'^] 



As 



1 



(4.4) 



(other fields) = 0, 



and thus 

AqV^ = fi- Qd'v, + WBa) V^ + 0{V§). (4.5) 

Now, as is clear from (4.3), the calculation of the superconformal anomaly is 
equivalent to the evaluation of the IPI part of 

(A^ga-igc) = (As^g^^g^) + (Ag^g^'^g^) . (4.6) 

At this stage, we should note the following fact. In classical theory, a conser- 
vation law follows from the classical equation of motion. In quantum theory, 
the classical equation of motion is replaced by the "quantum" equation of mo- 
tion, Sr[VB]/SV§ — 0, where /^[Vb] is the effective action in the background field 



★ In the following, we explicitly write only the f2"-parts. 
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method. Without using this equation to an accuracy consistent with the treat- 
ment, the conservation law does not follow even if there is no quantum anomaly 
nor explicit breaking. An example of such a "quantum" equation of motion is 
found in (5.18) of Ref. [1]. Therefore, we should consider the superconformal 
anomaly D° {Rad{z)) under the quantum equation of motion. In our present 
problem, Sr[VB]/SVQ — imphes, in particular, at the one-loop level, 

(As^g-s^) = - {AbSfp) - (As^nl) , (4.7) 
because of our prescription for the one- loop effective action (1.13). Recall that 

^gauge ^ ^ jg ^j^g ^^^^^ ^^^^^ (ggg (3 (3 g^^d (3.12)). 

On the other hand, we rewrite the quantum variation part of (4.6) as 

(Aq^s-s^) = {AqiS^^^s^ + Sfp)) - (Aq^fp) ■ (4.8) 
Therefore we have, from (4.6)-(4.8), 

= (AQ(5S-g^ + 5fp)> - {{Ab + Aq)5fp> - (Ab^nl) , (4.9) 

under the quantum equation of motion of Vb- 

In what follows, we show that the first piece (^Aq{S^^^^^ + Spp)) in (4.9) 
gives rise to the quantum anomaly and that the remaining pieces {Ab + Aq)S'fp 
and A^S'nl ai'e BRST exact. This fact is obvious for the last term A^S'nl because 
the NL field B is the BRST transformation of the anti-ghost, (3.8) (note AbB = 0). 
The BRST exactness of (A^ -|- Aq)5'fp follows from the remarkable property of 
Ab and Ag that their sum commutes with the BRST transformation (5brst- In 

f The equivalence of the effective action in the background field method and that of the 
conventional formalism is proven in Ref. [37] for non-supersymmetric gauge theories. It is 
argued in Ref. [38] for the supersymmetric case. 
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fact, one can confirm 



(Ab + AQ)(5BRSTe^« 



(4.10) 



and 



(As + AQ)(5BRST(other fields) = = 5brst(Ab + AQ)(other fields). (4.11) 

Therefore these two operations commute [(A^ + Ag), 5brst] = on all the fields. 
As a result of this property, we see 

((Ab + Aq)5fp> 

= <^^<)brst j d'z {Ab + Aq)V^ [(e-^-)«Vt^ + d 

-I 



b / T \ ab 



X { iS 



BRST 



(1 \ ao / \ ao 



L12) 

If the theory (including the regularization) is BRST invariant, the expectation 
value of a BRST exact piece must vanish in a BRST invariant state. Although this 
is not manifest in our regularization scheme, we have shown in the previous section 
that the tree level ST identities, {T*B''{z)B^^{z')) = and (3.18), hold with an 
appropriate prescription under the classical equation of motion, V^^Wbo — (we 
are assuming $5 = 0). As a result, by defining the composite operators in (A^S'nl) 
and (4.12) by connecting the quantum fields by modified propagators, according 
to (1.14), we can safely neglect the BRST exact pieces, at least at the one- loop 
level. 

Having observed that the last two terms in (4.9) are BRST exact and can be 
neglected even in our present formulation, let us return to the first term on the 
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right-hand side of (4.9). To one-loop accuracy, there are three terms which may 
contribute to the IPI part of (AQ(5g^"g° + Spp)): (i) an 0{V§) term in AgSf ""^^ 
(ii) an 0{Vq) term in Ag^'f'^^^'^, and (iii) an 0{VqB) term in AqSpp. However, 
the first contribution (i) is proportional to V'^WBa (see (3.3)), which is already 
a one-loop order quantity under the quantum equation of motion (recall that the 
classical equation of motion is V'^WBa = 0). As a result, (i) is a higher-order 
quantity and can be neglected. To evaluate (ii) and (iii), the expression (4.5) is 
sufficient. Therefore, from (3.4) and (3.11), we have 



(AQ(5s-g^ + 5FP); 



/ 




ab 

+ I dhnUi tD'Va + WBa ) V^{z) \{e-^-rB^'^{z) + B%z) 



d^zQ!^ lim 



x{DVa- mBa) 



5{z-z'), 
(4.13) 

where, in the last expression, we have used the first two lines of (3.17) and (1.8) in 
the super- Fermi- Fey nman gauge = 1. Since (4.13) vanishes in the absence of the 
regularization factor /(i), we realize that this is in fact the quantum anomaly (i.e., 
a naive interchange of the equal-point limit and A — > oo limit gives an incorrect 
result). The computation of the last expression proceeds in an almost identical 
way as that in the Appendix of Ref. [1] and we have* (the —^Wbu part does not 
contribute) 



7*r The expansion of the regulating factor f{t) becomes considerably simpler if one notes that 
the whole expression is a superfield by construction, and thus explicit dependences on 9" 
and 6a must vanish eventually. 
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lim 

A^oo 



b{z - z') 



Da tr W^Wbh, when P^Ws/? = 0. 



327r2 

i C2(G) 
327r2 T{R) 



(4.14) 



Finally, by combining equations (4.14), (4.13), (4.9) and (4.3), we obtain, to 
one-loop accuracy, 

{Raa{z)) ^=°° - ^'^Dai^K^Bp. (4.15) 

We emphasize that we did not need the expansion in Vb in deriving this expression. 
Also, it is straightforward to include the effect of the chiral multiplet in the calcu- 
lation, at least when the background chiral superfield is absent (i.e. when $s = 0). 
By utilizing the result of Ref. [1],^ we have 



^ {Raa{z)) - 2 ($§mVa$Q(z)) + {^lm^Q{z) 

A^oo 1 



87r2 



j dtf{t)+^-U 







(4.16) 



One of the advantages of our scheme is that it provides a supersymmetric 
(background) gauge-invariant definition of the superconformal current operator [1] . 
Therefore, from the expression of the superconformal anomaly (4.16), we can im- 
mediately derive (quantum anomalous part of) the "central extension" of = 1 su- 



f Or, one may use the fact [36] that the superconformal current of the chiral multiplet can be 

regarded as the Noether current associated with the variation A$ = —D [Vf^e^^ Dae^ <^ + 
(Z)"ilo,)$/3]/4 and repeat the above procedure. 
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persymmetry algebra [39]; the procedure in Ref. [1] gives (for m = 0) 



)=0=O 



A— *oo 1 



487r^ 



(4.17) 



If we retained the BRST exact pieces in (4.9) in the superconformal anomaly, 
the central extension (4.17) also acquires BRST exact pieces. It is interesting 
that this structure is common to the result of Ref. [40] , although we are using a 
supersymmetric invariant gauge fixing term. 



5. Conclusion 

In this paper, we have reported on the analyses of several issues postponed in 
Ref. [1], including the proof of the covariant gauge current in anomaly free cases. 
The basic properties of our scheme (except the BRST symmetry at higher orders) 
have now been clarified, and it has been established that our scheme actually pro- 
vides a gauge invariant regularization of the effective action in the background field 
method. On the practical side, our scheme passed many one-loop tests performed 
in Ref. [1] and the present paper by reproducing the correct results in a transparent 
manner. Therefore, we are now ready to use our scheme in treating more realis- 
tic problems for which a manifestly supersymmetric gauge covariant treatment is 
crucial. 

We are grateful to Professor K. Fujikawa and Dr. J. Hisano for helpful com- 
ments. The work of H.S. is supported in part by the Ministry of Education Grant- 
in- Aid Scientific Research, Nos. 09740187 and 10120201. 
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